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Abstract 

We study the limit of quasilocal mass denned in [I] and [5] for 
a family of spacelike 2-surfaces in spacetime. In particular, we show 
the limit coincides with the ADM mass at spatial infinity. The limit 
for coordinate spheres of a boosted slice of the Schwarzchild solu- 
tion is computed explicitly and shown to give the expected energy- 
momentum four- vector. 



1 Review of the definition of quasilocal en- 
ergy 

00 In |4J and [5 J , we define a notion of quasilocal mass for spacelike 2-surfaces 
in a spacetime. Given an isometric embedding of a 2-surface into R 3 ' 1 and 
a future timelike unit vector (observer) in IR 3 ' 1 , we associated a quasilocal 
energy with respect to a canonical gauge. Minimizing among the reference 
data gives the quasilocal mass and the quasilocal energy-momentum four- 
vector. We prove that the mass has the important positivity property and 
it vanishes for surfaces in M 3 ' 1 . The expression for the mass is nevertheless 
rather nonlinear and complicated. In this article, we show that for a family of 
surfaces going out to spatial infinity, the expression indeed gets "linearized" 
and gives a well-defined energy-momentum four-vector. 

1 We would like to thank PoNing Chen for his help in checking the correctness of the 
calculations in §3. 

2 The first author is supported by NSF grant DMS-0605115 and the second author is 
supported by NSF grant DMS-0628341. 



First of all, we recall the definition of quasilocal energy in [1]. Let E be 
a spacelike 2-surface in a time-orientable spacetime N. Consider a reference 
isometric embedding E <^-> IR 3,1 . Fix a future timelike unit vector £q in IR 3,1 . 
We decompose £q along E C IR 3,1 into £q — N Uq + Nq in which A^ is the lapse 
function, TVq is the shift vector, and Uq is the future timelike unit normal 
vector field along E C IR 3 ' 1 determined by this decomposition. We also take 
the spacelike outward pointing unit normal Vq that is orthogonal to Uq along 
E C IR 3,1 . (uq,Vq) is the reference gauge for E C IR 3 ' 1 with respect to £q. 
To compute the quasilocal energy, we also need the canonical gauge {u v ,v v ) 
along EciV. u u is characterized as the unique future timelike unit normal 
vector field along E C N such that 

Ku v = (h ) u u u , (1.1) 

where h u is the mean curvature vector of E C A" and h$ is the mean curvature 
vector of E C M 3,1 . v u is the spacelike unit normal vector that is orthogonal 
to u u and satisfies v u h v < 0. Take a spacelike hypersurface Qq C IR 3,1 spanned 
by E C IR 3 ' 1 and Vq, and a spacelike hypersurface Q G N spanned by E C Af 
and v v . Let ko be the mean curvature of E with respect to Qq and k be the 
mean curvature of E with respect to Q. Also denote by (Kq)^ and K^ v the 
extrinsic curvatures of VLq and Q, respectively. These data depend only on 
the gauges along E but not on the hypersurfaces. Quasilocal energy in the 
canonical gauge (see equation (6) in [1]) is defined to be 

^J%- k)N - (v£(K )r, - v»K^ v )N». (1.2) 

We shall rewrite the quasilocal energy in terms of the mean curvature 
gauge. In order to do so, we adopt a different set of notations from [5]. 
Set T = t%, H = Hq, H = h u , e 3 = v%, e 4 = <, e 3 = v u , e 4 = u v . 
Denote by X : E —>■ IR 3 ' 1 the position vector of the isometric embedding 
and by r = (X, To) the restriction of the time function associated with To. 
T = y/1 + |Vr| 2 e 4 - Vr and thus N = y/l + |Vr| 2 and N% = -Vr. The 
quasilocal energy becomes 

i f (-(^o,e3) + (^e3))v / l + |Vr|2-((V R3 v > 4 ,e3)-(V^ Vr e 4 ,e 3 )). (1.3) 

Suppose the mean curvature vector H of E in IR 3,1 is spacelike. Let = 
-m^T be the unit vector in the direction of — H and the future-directed 
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time-like unit normal vector with (e^°,e^°) = 0. The relation between the 
two gauges is 

= cosh #063 + sinh 6*064, and = sinh #063 + cosh ^0^4 
for some 9 G R. Since At = —(H ,T ), we derive 

sinh 6*o 



-At 



|#o|\/1 + |Vt| 



;i.4) 



Therefore, 



The canonical gauge condition (11.11) 

(i?Q,e 4 ) = (H,e 4 ) 



implies e H = j^r is given by 



H 



cosh 6e$ + sinh 6e 4 with sinh 9 



-At 



\H\^1 + \Vi 



Expression (11.31) can now be rewritten in terms of the mean curvature gauge. 

To summarize, let £ C iV be a spacelike 2-surface in a spacetime iV and 
let X : X e — > R 3,1 be a reference isometric embedding of £ into the Minkowski 
space. For any given future timelike constant unit vector T G R 3 ' 1 , the time 
function on £ is denoted by r = — (X, To). Let H be the mean curvature 
vector of £ in N, we assume H is spacelike. Let J be the future timelike unit 
normal vector field along £ in iV which is dual to H along the light cone in 
the normal bundle of £ in N. Denote by Hq and Jo the corresponding data 
on the isometric embedding in R 3 ' 1 . Again, Ho is assume to be spacelike in 
R 3 ' 1 . The quasilocal energy of £ with respect to the pair (X, T ) is given by 

E(E,X,T ) = / V\H \ 2 (l + |Vr| 2 ) + (At) 2 - y/\H\*(l + | Vr| 2 ) + (At) 



-At 



-(V! 



sinh 1 ( 



(3,1 Jo 



A^ 



^1 + \Vt\ 2 \H ( 



— sinh 1 ( 



A7 



#0 v , /T—7N 



\Hq\ ' \H 



y/l+ \VT\ 2 \H\ 



H 



\HV \H\ 



)dvv, 



;i.5) 
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where At is the Laplacian of r on E (with respect to the induced metric), 
and and V R3,1 are the covariant derivatives on N and R 3,1 , respectively, 
and Vr is the gradient of r on E (with respect to the induced metric again), 
considered as a tangent vector field on E. In the expressions for the last two 
integrands, we push forward Vr by the embeddings and identify it as vector 
fields along E in R 3 ' 1 and N, respectively. 



2 General formula for the limit of quasilocal 

energy 

Fix R > and suppose E r , R < r < oo, is a family of closed 2-surfaces in N, 
and X r is a family of isometric embeddings of E r into R 3 ' 1 . In the following 
theorem, we derive an expression for the limit of E(E r , X r , To). 

Theorem 2.1 Suppose the mean curvature vectors of E r and of the image 
of X r in R 3 ' 1 are both spacelike for r > R and — > 1 as r — > oo. Then 
the limit of E(E r , X r , T ) as r — > oo (if exists) is the same as the limit of 



/ -{t„, * way - \ H \) - (v£'A, + (v » t ±. JL )dv ,.. 

° n JT, r l-"o| | -"0 1 |-"o| |-n| 

Proof. We compute 

AT = -tfo-ToH#o|<ef ,To> (2-1) 

and 

|Vr| 2 = -1 + (ef°,T ) 2 - (ef°,T > 2 (2.2) 

where = and ef° = jjf^ is the future timelike unit normal dual to 

along the image of X in R 3,1 . 
Rationalize the expression 

y/W{l + |Vr| 2 ) + (At) 2 - ^\H\\l + |Vr| 2 ) + (At) 2 

as 

(|tf | + |#|)(l+|VT| 2 ) 



(l^ol-l^l 



+ |Vt| 2 ) + (At) 2 + ^\H\\l + |Vt| 2 ) + (At) 2 ' 
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By assumption j^-L — > 1 at infinity, the limit as r — > oo is thus the same 



as the limit of 



1 f (ef ,r } 2 -(ef ,To} i 



8tt 



Next we study the term 



(ef°,T ) 



|flo| - |#|)^s r 



(2.3) 



-At 



sinh 



-l. 



Ar 



v/l + lVrPl^o 



■) — sinh 



-1/ 



Ar 



1 + |Vt| 2 I#| 



by rewriting it as 



-Ar 
Note that 



sinh 



-l, 



Ar 



— sinh 



-l, 



Vl + |Vp| 2 |#o 
sinh" 1 A - sinh" 1 (yl(l + x)) 



At 


H \ 


V 1 + 


Vr 


2 


#0 




H\ 



-A 



x 



VTTa^ 



as x — > 0. With x = 
same as the limit of 



\H\ 



- 1 



0, the limit of the second term is thus the 



I Ho rp \2 

{ 3 Ho ZA \Ho\ ~ \H\)dVr 



7T J Er -( e f,T ) 



(2.4) 



The theorem is proved by combining (12.31) and (12.41) . □ 
Suppose the image of the isometric embedding lies X r in M. 3 C M 3 ' 1 , then 
e^ = n^r is a constant vector and the (Vy^r^i, f|M term vanishes. In this 

case, coincide with the outward unit normal of the embedding in M 3 . 



Corollary 2.1 Suppose the reference isometric embedding is in M 3 C K 3,1 

\H\ 

and — > 1 as r — ► 00, then the limit of the quasilocal energy with respect 
to T = (y/l + [op, a 1 , a 2 , a 3 ) with \a\ 2 = ELi( a *) 2 %s 

(v ^W)^ / Itfol - \H\dv r + ± J , JL >(for . (2 .5) 

*/ 2— if I |l I 
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Suppose the isometric embedding for S r is given by X r = (X 1 , X 2 , X 3 ) : 
£ — > R 3 and consider X l ,i = 1,2,3 as functions on E r . Thus Vr = 
— 5^i=i «*VX* and we obtain a limiting quasilocal energy-momentum four- 
vector (e,pi,p2,P3) as the limit of 

1 f 

e = lim — / \Ho\ — \H\dv r 

1 7 j # ( 2 - 6 ) 

Pi= lim — / (V_ VX iT— | )T — j)dv r ,i = 1,2,3. 

r-»oo 57T J Sr | .T2 | |ii | 

3 Relating to ADM energy-momentum 

Let (M,gij,pij) be an asymptotically flat hypersurface in a spacetime N. 
Thus there exists a compact set K C M such that M\K is diffeomorphic 
to a union of complements of balls in R 3 (ends) such that <7y = 5^ + a^- 
with Ojj = O(i), 9 fe (aij) = O(^), didk{oij) = O(^), and = O(^), 
dk(Pij) = 0(\) on each end of M\K. 

The ADM energy momentum (Arnowitt-Deser-Misner) of an end of M is 
the four vector (E, P\,P2, P3) where 

E = lim — ^- / (<9,c^ - digjj)p l dv r 

r^oo it>7T Jg r 

is the total energy and 

P k = lim — - / 2(p ik - 5 ik pjj)v l dv T 

r-+ao 167T J Sr 

is the total momentum. Here S r is a coordinate sphere of radius r on the 
end and v is the outward unit normal of S r . 

The positive mass theorem (Schoen-Yau [3], Witten [6]) asserts that un- 
der the dominant energy condition, the four- vector (E, Pi,P 2 ,P 3 ) is future 
timelike, i.e. 

£7 > and - E 2 + if + P 2 2 + P 2 < 0. 

In the following, we prove that for coordinate spheres of radius r, the 
limit of the quasilocal energy momentum (12.61) is the same as the ADM 
energy-momentum. 
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Theorem 3.1 Suppose S r is the coordinate sphere of radius r in an end of 
an asymptotically flat three-manifold (M, (j^Py) and (E, Pi, P 2 , P3) is the 
ADM energy-momentum four vector of this end, then 

3 

lim E{S r , X r , T ) = ^1 + \a\ 2 E + V a'Pi 

r— >oo ' J 

1=1 

where X r is the (unique) isometric embedding of S r into IR 3 C IR 3 ' 1 and 
T = (yl + \a\ 2 , a 1 , a 2 , a 3 ) zs an arbitrary constant timelike unit vector. 

Proof. Denote by eo the future timelike unit normal of the hypersurface M 
and v the unit outward normal of the coordinate sphere S r . Let {y l ,y 2 ,y 3 ) 
be the asymptotically flat coordinates on the end. S r is given by {y 1 ) 2 + 
{y 2 ) 2 + {y 3 ) 2 = r 2 and we denote the embedding of S r into M by Y. Since 
Pij = 0(±), we have (H, e ) = O(^). It is known that (H, 1/) = 2 + O(^) 
(see for example [1]). Since H = (H, v)v — (H, e )e , we estimate 

\H\-\(H,u)\ = 0(-). 

Therefore, 

lim / \Hq\ — \H\dv r = lim / \H \ — \(H, u)\dv r , 

i.e, the Brown- York energy and the Liu-Yau energy have the same limit 
at spatial infinity. It is known that (see for example pQ and the reference 
therein) the Brown- York energy approaches the ADM energy E at spatial 
infinity. 

Now it suffices to prove 

1=1 i = l JT -r I I I I 

By definition, the ADM momentum is 
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We decompose cl % -^ = (a*^-) T + {a l ^,v)v and the integrand becomes 

d d 

By the definition of the mean curvature vector H, we obtain p(u, v) — (trp) = 
(H, eo) • Therefore the ADM momentum term is 

Y, aip i=*- / (^ a ^ ) Te ,iy) + (H,e )(a l — i ,iy)dv r . (3.1) 

Now we turn to the limit of the quasilocal energy momentum. We can 
express the normal vector fields H and J in terms of v and eo as 

H = (H, v)v — (H, e )e and J = —(H, u)e + (H, e )u. 

We compute 

Integrating by parts gives 

1 f (V? TT 4, £i)dvr = 1 / -(V^e ^)+Arsinh- 1 (^^)^ r . 



W Sr l#r l#r 8tt y Sr rvT "" v |# 

Plug in (I2.ip . the second integrand on the right hand side becomes 



(e^To^olsinh-^^ 



H 



Recall the asymptotics 



[H, e ) = 0(1), \H\ = - + 0(1), |ff | = - + 0(1 



and sinh 1 x ~ x if x << 1. We see the limit of j Sr (Sv T \k\^ W\!^r is the 
same as 

lim 1 / -(V% T e ,v) + (H,e )(e^,T )dv r . (3.2) 

r^oo 87T 
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Now we can compare (13.1 j) and (13.21) . Write out the tangential part of 

1 dt ' ~ { dt ' du«' du b ~ 9ij du- du b • 
On the other hand, as r = — a l X\ and the push-forward of Vr becomes 

c/u a aw 

The isometric embeddings satisfy (see for example PQ) 

[X* - y*| = 0(1) and |ef° - i/| = O(-). 

r 

From these, we deduce that (13. 2p is the same as the limit of the right hand 
side of ( 13. II) and the theorem is proved. 

□ 



4 Explicit computation in a boosted slice of 
Schwarzchild's solution 

In this section, we compute the limit of quasilocal energy-momentum for 
coordinate spheres of a boosted slice of Schwarzchild's solution. 

4.1 Asymptotics of the geometry of coordinate spheres 

Let (y° , y 1 , y 2 , y 3 ) be the isotropic coordinates of Schwarzchild's solution in 
which the spacetime metric is of the form: 

G aP dy a dyP = -^(dy ) 2 + -L j^W) 2 

i=l 

with 

F 2 _ ^ I 2p> G 2 _ ] 



2p/ \ 1 2p' 

^3 



and p 2 = ^2 i= i(y 1 ) 2 - Given 7 > and (3 which satisfy 7 2 — /? 2 7 2 = 1, consider 
the surface S ro defined by 

7? / - (3 iy 3 = 
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and 

(y 1 ) 2 + (y 2 ) 2 + hy 3 - hv'f = r 2 

with r — > oo. With the coordinate change (y )' = jy° — fi^y 3 and (y 3 )' = 
jy 3 — j3jy°, these surfaces are coordinate spheres of radius r in the asymp- 
totically flat slice ^yy° — (3^y 3 = 

We parametrize the 2-surfaces S ro by 

y° = P'jro cos 9 
y 1 = r Q sin 9 sin <f> 
y 2 = ro sin 9 cos <p 
y 3 = 77*0 cos 9. 

Denote the embedding of S ro into Schwarzchild's solution by Y = (y°, y 1 , y 2 , y 3 ). 
In terms of local coordinates u 1 = 9 and u 2 = <f> on the surface, the induced 
metric on S ro is 

a ah = r 2 [l + + WW sm 2 9)}d9 2 + r 2 (l + ™) sin 2 9d<\> 2 + 0(r„), (4.1) 

and 

Vdet a ab = r 2 \ sin 0| [1 + (1 + (3 2 ^ 2 sin 2 9)\ + O(r ). (4.2) 

P 

The mean curvature vector H = H 1 -^ of S ro is by definition: 

[ du*du b+ a/3 du*du b)[ ? ^ 

where are the Christoffel symbols of the metric G a p and Ilg = C / 3 Q ,cr ab || s -|^ 
is the projection operator on the tangent space of £ ro . The asymptotic ex- 
pansion of r^g can be computed from the asymptotic expansion of G a p. 

Denote by y a = — and p — — , which are both scaling invariant now. 
We shall use the following frames along S ro to express the mean curvature 
vector: 

d 



N = y 



a 



dy c 

d „ d 



B = l{ W +P dy-^ 
= dy a d 

89 dy a ' 
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We notice that T is a tangent vector field to S ro while iV and B are only 
asymptotically normal in the sense that (N, T) = O(-) and (B, T) = O(-). 
We also have (N,N) = 1 + 0(±), (B, B) = -1 + O(-), and (T,T}°= 

A straightforward calculation gives 



Lemma 4.1 



H = —N + \(nN + tT + b£) + O(^) 

r r r 



M 

J 3 
M 

J 3 



n = — (6 + 6/3 2 7 2 + 2/3 V sin 2 cos 2 0) , 



t= — (-8p 2 )( / 9 2 7 2 sin6'cos^), and 



b = — (2/3 7 2 cos 6) (/5 2 7 2 sin 2 9-1). 



M 
P 

From here, we compute the norm of \H\, 
Proposition 4.1 

2 1 2M 1 
\H\ = - + - 2 [^-{l + 2/? 2 7 2 cos 2 9) - n] + 0(4). 
r p rg 

Let J be the future-directed timelike normal vector that is dual to H along 
the light cone in the normal bundle. 

Lemma 4.2 J is given by 

2 D 1 . -2M(1 + 2/? 2 7 2 cos 2 + 7 2 + /3 2 7 2 ) . 

— B d r h til -D 

r r£ p 

+ -2 — (07 sin#)T — (b + ^-4 )iV . 

r 2 p p 

Proof. The coefficients of J are determined by the following equations: 

~{J,J) = {H,H), 
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(J,H) = 

and 

(J,T) = 0. 

□ 

With this explicit formula, we compute the coefficients of the connection 
form of the normal bundle in the mean curvature vector gauge: 

Proposition 4.2 

(VavJ, H) = l(2b' + sin 9) + 0(\) 

so rg p Tq 

and 

It turns out the second term does not contribute to the limit of the quasilocal 
energy. 

4.2 Total mean curvature of isometric embedding 

We consider the isometric embedding of a general axially symmetric metric 
into IR 3 . The metric is of the form 

r 2 P\r , 6)d9 2 + r 2 Q 2 (r , 0) sin 2 9d(f) 2 

with 

P(r , 9) = 1 + O(-), and Q(r , 0) = 1 + O(-). 
Suppose the isometric embedding is given by 

X = (u(ro, 9) sin <fi, u(r , 9) cos <fi, v(r , 9)). 

Thus 

dX du , du , dv 
-d9 =i d9 Sm ^d9 COS ^d9 ) 

and 

dX , 

— — = (u cos 0, — it sin 0,0). 
d(p 

It is not hard to see 
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Lemma 4.3 u and v are given by 



^du^ . ,dv 

and 



2 2/n2 • 2 a 
u = r Q sin 9. 

Proposition 4.3 The mean curvature of the isometric embedding of the 
metric r^P 2 (ro, 9)d9 2 + r 2 .Q 2 (ro, 9) sin 2 8d(j) 2 into M. 3 is given by 

1 d 2 udv d 2 vdu 1 dv 

o = ~(^p^^d(Pd6 + WW + K 2 PQsm9>d9' 

where 

u(r ,9) = r Q(r ,9) sinfl, 

and 

(|) 2 = rlP 2 ~ {%? = r 2 [P 2 - (^sintf + Qcos*) 2 ]. 
Now suppose 

P = i + P- + o(\),p = P (e) 

r rg 

and 

Q = l + f + 0&),q = q(9). 

The asymptotic expansion of the mean curvature is found to be 

2 1 cos 9 

H = --- 2 (2p+ C -^(2q' - p>) + q"). (4.3) 
r r z sm 9 

Comparing with ( 14. 1L we deduce that in our case 

p = — (1 + 2/3 2 7 2 sin 2 6) and g = — . 
P P 

m and v can be solved explicitly: 

M M 

u = r sin 9 H sin (9 and i> = ro cos 9 H — — cos # + 2M(3j sinh cos 0). 

P P 

(4.4) 

Plug in the expression of p and q into (14. 3 p and integrate by parts, we 
obtain 
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Proposition 4.4 

f f^ n 1 4- ffi^ sin 2 f) 1 

/ H dv ro = 87cr + 2nM P [ 1 sin 9\d6 + 0(— ). 

is ro Jo P r o 

This calculation is compatible with Lemma 2.4 in pQ. 

4.3 Evaluating the quasilocal energy 

We are ready to compute the limit of the Liu-Yau mass: 
Proposition 4.5 



/ (H - \H\)dv ro = 8tvjM + 0(- 

JY. rn r 



^0 

Proof. Combine Proposition 14.11 and Proposition 14.41 we obtain 

f ,tt irnx, / ,2 "2 + 4/5V-6/?Vcos 2 ^-4/? 4 7 4 cos 4 ^ l . „._,„ 

/ (H - \H \)dv ro = 7rM / — - — \sm6\d6+0(— 

Jz ro Jo P tq 

The integral can be evaluate by the substitution (3^ cos 6 = sinh?y. □ 
Now we turn to the momentum part. Suppose T = (a/1 + |a| 2 , a 1 , a 2 , a 3 ), 
|a| 2 = J^ =1 (a 1 ) 2 is a future timelike unit vector and the isometric embedding 
into R 3 C M 3 ' 1 is given by X = (0, u sin (p, u cos 0, v). We know from (14.41) 
that u = r sin + 0(1) and v = r cos 9 + 0(1). The gradient of r is given by 
Vr = |^<x af> f^- We compute 

f J H CI 

/ ( v ^W\ , m\^ dVro ^~ a l r^^^^'^^f^^X 

«/ Sy-Q I I I I */ I I 

-a 2 A _L( U cos0)'<r flO (Vffr J,H)dv ro (4.5) 

- a 3 / -Lt/a ee (VaxJ,#)Av + O(-). 
7s ro l#l 2 80 ro 

These integrals can be evaluated and we obtain 
Proposition 4.6 



(V£ tT 4, r^)^r = a 3 8vr/3 7 M + O(-). 



14 



Proof. By Proposition 14.21 (V^J, H) is of the order while u and u are 
both of order r , we have 

/ (u sin 9)'a ee (V by J, H)dv ro 

/v \H\ 2 96 

= / / — (rosin 2 0)'4(V83:J,/r)rg|sin0|d0# 
Jo Jo ^ rg x 99 



7T 



2tt 



, (sin 2 0)>£j(Var J,if)]|sin0|d0. 
Therefore the first integral on the right hand side of ( 14.51) is 

where 

b = ^ (2/? 7 2 cos 0) (/3 V sin 2 - 1 ) , 
P 3 

and the second one is 

-a 2 - [ (sin0cos0)'(2b , + — /3 7 2 sin0)| sinM. 
4 Jo P 



Both integrate to zero as they are of the form f Q 71 (cos 0)F(cos 2 0) | sin 9\d0 
or J Q 27r (sin 0)F(cos 2 0) | sin 0|<i0 for some smooth function F of cos 2 0. The last 
integral becomes 



3 ' 

or 



! - / sin0(2b' + /37 2 sin0)|sin0|(i0 

4 io P 

which can be simplified as 

aHnM^ 2 r S ^-d9. 
Jo P 3 

Using the same substitution (3j cos 9 = sinh y, the integral is 

a^ir^M. 

□ 
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Therefore the limit of the quasilocal energy (11.51) is 



+ |a| 2 ) 7 M + a 3 /3 7 M. 

Recall that j 2 — (3 2 ^ 2 = 1. Minimizing this expression among all T = 
(y/l + |a| 2 , a 1 , a 2 , a 3 ), we see the minimum is achieved at (7,0,0,— ^7) and 
the minimum value is M. The limit of the quasilocal energy-momentum is 
thus M( 7 , 0,0,-/37). 
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